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ABSTACT

Me stress analysis of a rectangular tensile bar weakened by surface
cracks is fornAlated In terms of waning functions of a ceqlex variable.
Although an approximte solution of this problem has been previously con-
sidered by Tait, the present derivation specifies the proper load-free
boundary conditions on the lateral edges of the rectan~e as well as allow-
Ing for the variation of both crack length and length/dth ratios of the
plate. Determination of the stress function is reduced to the solution
of a linear system of sla l-mous equations.
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IOTIHOIX1CTION

In the area of crack studiess a problem of practical importance is
the simple geometry of a rectangular tensile specimen weakened by surface
cracks. In order to apply such theories as that of Irwin1 s, it is neces-
sary to determine the stress distribution in the vicinity of the crack
root. Although the behavior of the stress in such a neighborhood is known
qualitatively, quantitative results ivquire a formal solution of the stress
problem as a whole. It is this matter which is considered in this report
for the plane problem shown in Figure 1.

R. J. Taits has considered the problem of determining the state of
stress due to surface cracks in an infinite elastic strip of finite width.
Unfortunately, in his analysis, load-free conditions on the strip surfaces
are only partially prescribed. In fact, a mixed boundary value problem
was assumed in his analysis which, in effect, is intrinsic to an infinite
sheet containing a row of periodically spaced cracks.

In the present report, we shall consider surface cracks in rectangular
plates of finite length and width with the proper load-free boundary con-
ditions on the lateral edges of the rectang•le. In addition to introducing
the desirable modification of Tait's analysis, it is possible to study the
additional parameter, length/width ratio and its effect on the stress con-
centration. The polynanial approximation method used by the author3 in
the analysis of an infinite plate containing radial cracks does not appear
well suited to the present problem due to slowness of convergence. Thus,
an alternate approximation scheme is devised.

CONVENTIONAL O1MPLEX VRIABLE FORIUIATION

Muskhelishvili's4 original complex variable statement of the plane
problem in rectangular coordinates depends on the representation of Airy's
stress function, U(xy), in terms of the two analytic functionss cp(Z) and
*(z)s of the complex variable Zx + iy as

U(x,y) m 12 p(z) + I *(Z)dz]. (1)

With this representation, the stress and displacement components can be
written as

+ay a =2 [P(Z) + T* (Z)- Fie ["(z)] (2)

0 y - a + 2i TY -2[Z (Z) + *~'(MZ)If (3)
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2P (u+iv) - Jq(Z)-Z -(f - 1(Z), (4)

where the prime notation denotes differentiation vith respect to Z, the
bars denote complex conjugates, and P and K are material constants. A use-
ful relation for handling stress boundary conditions is provided by

a

cp(z) + Z - ,(Z) + *(z) - ± ,f(XV + ( . ) d. - f1 (S) +f 2X (5)
0

where X1 ds and Xds represent the x- and y- components of the force act-
ing on tLe element of arc dB from the positive side of the normal v.

Curviliniar coordinates can be conveniently introduced by considering
an auxiliary complex C-plane along with a conforml mapping function

z -(U 0. (6)

The analyticity of (6) ensures the ana3yticity of the stress functions
when considered as fun tions of the variable C. New notation is simplified
by desi ati n Z a CM ifw(C[ as (A C), etc., leading to such relationships
as 9'(Z) - '(C)/w (C), etc.

The stresses and displacements can then be written as

ay + a =2 rY(C)/w,() + qp'(V/W'(C~l (7)

a- & +2i -21÷2 (8)

2p (u + iv) -K p(C) - u(C) ,-LC)/t'- - *T • (9)

When C corresponds to a closed contour in the Z-plane into which the unit

circle C- a'- ei is mapped by (6), the arc parameter S can be considered
as a known function of a, hence

f (8) + i f2 (S) -g (a). (10)

The boundary condition on C (assuming the applied load is given) can thus
be written as

P(W) + Aa) •-p•c- W a + 170 - g(a). (Cu)

-4-



5IE MAPPXX NJN•v•Xfl

The region occupied by the rectangle vith surface cracks vii be
denoted by 8z vith bo ary T in the the Z-plane (Fiue 1).

YO

L/
Sz/

/

///

Figure I

The exact •pying function a( ( is defined as the mipping of the unit
circle an its interior into the boundary - = nd S p, ee1t .

BW a straithtfor'ard consideration of the -wazt-Qaistoffel trans-
formation, it can be seen tbat the exact mpping function corresponds to
an appropriate branch of the function

- - ( + i) - C2 )( _j-e2 1c C2 )(l -e2i C2 )( i-e 'V 2 -1/2

(29)
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The exact mapping function has eight branch points located on the
unit circle necessary to the description of the eight right angle corners.
We define the real parameters in (12) such that O<Ca <P 4/2, thus, when
P-a=/2 the circle maps into the limiting case of a rectangle. The crack
roots are described by the zeroes of w'(C) on the unit circle, i.e., C- *
i. The ratios L/xo and yo/xo can be varied by appropriately adjusting the
parameters a and P.

In series form,

Z- i(4) -- ink An C2n-1 (13)

here the A 's are real. The A 's may be obtained m erically from a

straightforward recursive formulae (Appendix I) determined by comparing
(12) and (13). The series (13) converges interior to the unit circle and
on any interval of the unit circle not including a branch point.

Unfortunately, the rate of convergence of (13) is slow on the unit
circle, thus leading to extremely tedious numerical calculation in the
stress analysis. On the other hand, the procedure of polynomial approxi-
mation of the mapping function utilized in Reference 3 is plagued by the
same slowness of convergence.

We adopt a different approach and define for K 1.,

w(<CpK)= -i (C 2 1) K2e20 2_ ~fa 2)(2_e1P2)(2-e2*21 1/2
S~ ((K C)(~e )(7e~ dC.

Clearly u(Cl) coincides with (12). On the other hand, for K>1 the branch
points are moved out to lie on a circle I C I - K >1. The cusps represent-
ing the crack roots are still preserved on the unit circle at C- + i. Thus,
by evaluating (14) for values of K s 1 on the unit circle, increasingly
accurate approximations T are obtained as K4 1. On the other hand, the
convergence of the series expansions for K >1 will be substantially improved
compared with that of (12) . The form of the power series (13) is preserved
in the expansion of w(CK , thus,

w (,K) - -i I AnC 2 (15)

where the A 'a are real and are now considered as functions of the parameter
Kas well h a andP.



I 3MTMN OF TE STEMS UNECTMIDN

It is necessary to determine the two stress functions cp(C) and t(C)
such that both functions are analytic for ICI <1 and the condition (1)
is satisfied on the unit circle. Apart from mathematical elegance, little
is gained by any consideration other than a direct power series argu-ent
in the present formulation. Me difficulty due to the zeroes of w'(C) on
the unit circle can be eliminated by writing (11) in the form

W'(a p(a) + U(a) p'(a) + 7737 iTm -I g (a). (16)

From symmetry considerations,

qcp() - T a. e•-l, Wr)

* n-

(c)i T •b,,n ' (18)

where the coefficients an and b are real. If the stress state were that
of uniform tension, i.e., no suPface cracks were present, then cp( ) T K
w(C)/'4 andi I(C) -T u(. ~/2. Thus.. we assum

y( C ))/I m< C)/ (+), (19)

#(c) -T (C)/2 + •1 (c), (20)

"where

*l(C)- i On 2n-l (2

Clearly,v

w (a) + (a) + -WT ( -

(o)a T 1- =T dh r2n-l (3

T-•r• t( -_ 1 10,o) +- - C. (23)

Substitution of (21) and (22) into (23) and comparing coefficients of equal
powers of a leads to the two sets of conditions

-7-



a 0
,,, A 1n€.) o . .+ ,nC-,- " ' -P 1,,3, ,.... (4)

1 An (2 n-_1 c + J, an(2 11  A03

4+2 An n(2-p-i ÷ + n 2  €2n-1 p A -pi

p+J.
"- L A n (2n-1) 13+2-, " " , p - 0,1,,, --- (25)

The set of eqamtions 25 provides for a direct determination of the P 's
once the a 's have been found from the linear system of siiwltaneous'eaya-
tions 24. n

The applied load will be expanded on the basis of the exact gecwtry
and loading. Thus, if

1 [m( - 0) + .I C2K -l ',

then it can easily be shown (Appendix 2j, that

2i - o (2K-i 0 A1 sin (2n-1)

+ MT n1E A1 sin (2n-l) a sin (2K-i) 080, Km0.t,*,t2.,---- (27)

For computational purposes an alternate form of C2 . 1 is now presented.

21T 4/2 (P)- X(Q)] sin (2-1) 0,d (28)

where X(O) is the real part of a(eig). Intepration by parts yields

21T x42 a
Cac4 2K-lnT2 )-7x i - cos (2K-1) 0 d 0. (29)

Using (19) to compute 8x/dO, It follows that

-8-



21T 3(•2 con C oos 29 (M-4)•, , aQ , (30)
C2K- - 21Cl~x(COB 20 ow 20)1 12 (cos20 _Cos 20)112

Fran the definition of the dn'a in (23), it follows that

T dý a i Uk An (2n-l) C2 (Pn)-3D p =-p 0,lj, t2---- (31.)

ý&en approximate mappngs 15 are used, the loadin conditions mAt
be considered as approximated. On the other hand, as K-#1 both the geome-
try and the applied load converge to the exact problem.

DE1MTION OF •E W D CONCaMTION 3N T
VI I OF CTO CMCC FO

The stress concentration in the vicinity of either of the crack roots
is the prime aim of the analysis. If polar coordinates (r,y) are introduced
vith the origin chosen as the crack root, the stresses var7 to the first
order* as

a (32)

The determination of L(7) in term of the present analysis will now be con-
sidered.

Asmse that • is the point on the unit circle thich =mps into the
crack root Z . Thn w '( C) has a simle zero at C- C ,. P-thesrore, *(C)
is analytic 9n the neighborhood of Co on the Rieaan Lurface defining the
mqping function., thus,

Z-Zo- n Sn (C-C)n. (33)

By reversion of series.

C Co - R2-1 0 )l12 (34)

i•T 7)is essential3.r proportional to Irwin's factor X.
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where
2

S2 ti a 1, etc.

thus ,

Co 1 0 (35)

If we introduce polar coordinates,

z-z = -r 07 (36)

then

C-Co - -F- *i,/2 (-%) e- . (O/)

In order to utilize these approimations to examine the stress field
local to the notch root, it is clear from (T) and (8) that the character
of 9(C) and. (C) in the neigbborhood of C=C is required. If we define

I(C) - - ,/c) - i/) ,'(/w,'(C) (38)

where

(' f) =1C (39)

and substitute into (11), it can be shown that cp(C) is analytic in the
neighborhood of C=Co whereas 4(C) has a simple pole in this neihbotrhood.

It follows fairly d•irectly from (T) that

OX+ ft M 212[9pt(C.1 e-i7/2? (140)

From (8), it follows from a somewhat more difficult calculation, that

- -+-ei7/2 [r, P'(Co) p'(Co) 2 17 (

"y" " )r L r o " -o

-10-



In the calculation of (4o) and (41), the key quantity is l'(Co).
Whereas the calculation of w"(u ) can be made directly fru the closed form,
of the mapping function, the deermination of cpt(C 0o) requires the solution
of the system of equations 24.

The stress analysis for a rectangular tensile bar veakened by surface
cracks has been presented. A mapping function which permits variation of
the crack depth and length/width ratio of the plate is utilized. Deteruina-
tion of the stress field in the neighborhood of the crack root requires the
calculation of p' (C) where C is the point on the unit circle correspond-
ing to the crack ro;8 t. A proSedure for systematically proxImating r' (C )
is suggested by the limiting process as K-+l in the mapping fUnctiono.

Calculations are underway for pertinent values of the parameters and
the results will be presented in a subsequent report.



APPENDIX I

M=CXJIVE FORWAE FOR E MAPPING 0OEFFICIE'S

Fram (14) , cos ax+K 4)/( C 2

Let

Then.,

._(e+1)2 I,+÷&F (-2 coo 21 -2 coo 2m)

+ C( (4+i41+ co, ,a cos 20) + C2 (-2ý cos 2a - a coo 2p)

+ K8) Mn , Men"2 2

Let

2e,~ - -2 coo 2a - 2 coB 2P

22 = 2+4 coO 2a coo 2P

C3m - 11 M

C4 - 214, M3 + )t°.
C5 m = 2MM~4 + 42 M23  etc.

Then,

(4+ 2 Ce+i) . [c+20c A1  6 + 2 Ie2 C+ 2 6 al +K 8]

[C2 + C3 e + C4C + ]

Equating coefficients of equal powers of C yields

6812-



C2 X8 01

KC8 C3 + 2 KC6 e 1 Cl, -

IC8 C41 + 2 X6 4 C3 + 2 K4g2 C2 - 1.

C8 c+ 2 X6 clV,+ '4 C3+ 2XC2 61C 0

KC8C 6 +2 X6 . C 5 + 2 X4c 4+2K2c 3+C

etc.

Thugs

142 A4K1 C3 /2

I43 -K -C4{,/2 - ý2 /2]

etc.

sm.s, in the expansion

An- Mn/(2zL-1).

-13-



APPENDL 3:1

!CPANSION OF WaDIG JUNCTUS

It will be recaUle that
s9 (CF) f (xv + i yv de.

0

We define

ME - K .- I qX x E-0 sy y IC]o

etc.

Thius*

g()-'-I [wo (a + [wU ME) o' 0 :C a s~

-0 o x -A g a i x + pp

- 0, 2 -I sO 2 .

If we set

g (a) -T[w + ~ ME E
thei.n

then

Ii '



a1~ T 0IQd

It follows from symetry that

CK a 0O9 X even

C a _ x° . ½ o) + oW07 -Ms d, IC 1 , ,. .

Again from symmetry,

•2 ,/2 1 ½ a) + 01 sin KD dQ, KC 1A, 3,p---.

- 2T o (2-i)CýK 0., K: a Op :k; 1 *: 20 ---

C.T coo.(2K-1) 3 A sin (2i-1)

+ 21 A sin (gn-1)Q0 sin (2K-i) MOO, Ku0.9lot 2,---.n
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